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We investigate the propagation characteristics of two counter propagating dust acoustic solitary waves
(DASWs) undergoing a head-on collision, in the presence of strong coupling between micron sized charged
dust particles in a complex plasma. A coupled set of nonlinear dynamical equations describing the evolution
of the two DASWs using the extended Poincare´–Lighthill–Kuo perturbation technique is derived. The nature
and extent of post collision phase-shifts of these solitary waves are studied over a wide range of dusty plasma
parameters in a strongly and a weakly coupled medium. We find a significant change in the nature and
amount of phase delay in the strongly coupled regime as compared to a weakly coupled regime. The phase
shift is seen to change its sign beyond a threshold value of compressibility of the medium for a given set of
dusty plasma parameters.
I. INTRODUCTION
It is well known that the dynamics of dusty plasmas
is very different from that of the usual two components
electron-ion plasma. In a complex (dusty) plasma, parti-
cles ranging from nanometer to micrometer size are im-
mersed in an ionized gaseous medium with free-floating
electrons and ions. The dust particles become charged
and interact collectively, and depending upon the sys-
tem parameters can be in the gaseous or liquid state
or even arrange themselves to form an orderly crys-
talline structure in a solid state1,2. The complex plasma
medium also supports a variety of collective modes and
nonlinear coherent structures, such as dust-ion-acoustic
(DIA) waves3, dust-acoustic (DA) waves4, dust lattice
(DL) waves5, dust Coulomb waves6, dust voids7 and
vortices8. Among them, the DIA solitary waves, the
DA solitary waves, the DL solitary waves, and the enve-
lope of DIA/DA solitary waves are very important non-
linear waves which have been extensively studied both
theoretically9–13, and experimentally14–16 over the past
few years.
Interaction of solitons is an interesting phenomenon in
normal fluids and plasma which has been reported by
a number of authors17–26. The observation that a dis-
crete nonlinear system exhibits recurrent states instead
of an ergodic behavior was explained by Zabusky and
Kruskal17, who realized that the nonlinear chain is de-
scribed by the KdV equation in the continuum limit.
Thus any deviation from KdV approximation in real sys-
tems will affect the thermalization time and break the
recurrence of the initial state. In a one dimensional sys-
tem, the solitons may interact amongst themselves in two
different ways. There can be an overtaking collision (for
co-propagating solitons), which can be studied by the
inverse scattering transform method19 or a head-on colli-
sion (counter-propagating solitons), where the angle be-
a)Electronic mail: surabhi@ipr.res.in
tween the two propagation directions of the two solitons
is equal to pi. For a head–on collision between two soli-
tary waves travelling from positive and negative direc-
tions, the important post-collision consequences to study
are the phase shifts and resultant changes in their re-
spective trajectories. Many authors have investigated
the head-on collision of two solitary waves in different
plasma models using the extended Poincare´–Lighthill–
Kuo (PLK) method20–26. In a dusty plasma, Xue20 in-
vestigated the head-on collisions of dust–acoustic solitary
waves in an unmagnetized dusty plasma including the
dust charge variation, and the analytical phase shifts fol-
lowing the head–on collision were derived. They showed
the variation of phase shift with different plasma parame-
ters. Ghosh et al.26 studied the head-on collision of dust
acoustic solitary waves in a four component unmagne-
tized dusty plasma with Boltzmann distributed electrons,
non-thermal ions, and negatively charged dust grains as
well as positively charged dust grains. Very recently, a
couple of experimental observations27,28 have been re-
ported separately on the head-on collision of two counter-
propagating solitary waves. They found that both the
solitary waves pass through each other and suffer a small
time delay in their propagation after the collision. In one
of the observations, Harvey et al.27 found the sum of the
amplitude of individual solitons is less than that of re-
sultant solitary amplitude whereas the Sharma et al.28
reported that the resultant amplitude is exactly equal to
the sum of individual amplitudes. But in both the cases,
it is observed that the solitons with higher amplitude ex-
perience longer delays.
To the best of our knowledge, there has been no de-
tailed investigation on the interaction of solitary waves
in a strongly coupled dusty plasma. In this paper, we
investigate the head-on collision of dust acoustic solitary
waves and deduce the phase shifts by an extended version
of the PLK method considering the effects of strong cou-
pling between the dust particles in an appropriate fluid
model. The fluid model we adopt is based on the Gener-
alized Hydrodynamic Equations which have been used in
the past to study the linear29,30 and non-linear31 propa-
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2gation of dust acoustic waves in a strongly coupled dusty
plasma. These studies have shown that strong coupling
effects introduce additional dispersive effects in the linear
propagation characteristics of DAWs through modifica-
tions in the compressibility and visco-elastic properties
of the system. An interesting consequence is the “turn-
over” effect where beyond a certain value of the strong
coupling parameter the group velocity of the DAW can
change sign and travel backward. A nonlinear manifesta-
tion of this effect should be of interest to investigate and
is a major motivation for our present study. To explore
this effect we have looked at the variation of the phase
shift that arises due to the head-on collision between two
dust acoustic solitary waves, over a wide range of plasma
and dusty plasma parameters. It is found that there is
a significant change of phase shift in the strongly cou-
pled regime compared to the weakly coupled regime and
beyond a critical value of the compressibility there is a
change in the sign of the phase shift.
The paper is organized as follows. In the next section,
we present the model equations to deduce the expression
for phase shifts of two solitons after making a head-on
collision by taking into account strong coupling between
the particles. In Sec. III, we discuss our analytical re-
sults of phase shifts in a wide range of plasma and dusty
plasma parameters. A brief concluding remark is made
in Sec. IV.
II. THEORETICAL MODEL
In the standard fluid model treatment4,32 of a dusty
plasma for studying low frequency phenomena (ω ∼
ωpd  ωpi < ωpe, where ωpd, ωpi and ωpe are the dust,
ion and electron plasma frequencies respectively) in the
regime where the dust dynamics is important, it is appro-
priate to treat the electrons and the ions as light fluids
that can be described by Boltzmann distributions and
to use the full set of hydrodynamic equations (momen-
tum, continuity and Poisson equations) to describe the
dynamics of the dust component. Hence in this paper,
the electrons and the ions are treated as inertialess and
are assumed to be in local thermodynamical equilibrium
with their number density obeying the Boltzmannian dis-
tribution. Thus the densities of electrons and ions at
temperature Te and Ti can be written in a normalized
form as4,32
ne= exp(σφ),
ni= exp(−φ). (1)
where σ is the ratio of ion temperature and electron tem-
perature, ne and ni have been normalized by their equi-
librium values ne0 and ni0 respectively and φ has been
normalized as φ = eφ/kBTi. Here e and kB denote the
electronic charge and the Boltzmann constant, respec-
tively. To describe the dynamics of dust particles, we
use the well known Generalized Hydrodynamic model29
that takes into account strong coupling effects in a phe-
nomenological manner by introducing visco-elastic effects
and a modified compressibility. In the regime where ex-
istence of solitonic waves and their propagation charac-
teristics are important the predominant change due to
strong coupling effects are in the dispersion properties.
This is manifested through a change in the compressibil-
ity as seen in the linear effect of a turnover in the dis-
persion relation. Accordingly, for our solitonic study we
retain the compressibility effect and neglect dissipative
effects arising from viscosity and dust neutral collisions.
These dissipative effects when important would cause a
damping of the solitary pulse. The neglect of dissipative
effects is a valid approximation in the so called “kinetic
regime” when ωτm >> 1 where ω is the mode freqency
and τm is the relaxation (memory) time. Thus our model
fluid equations for the dust component consisting of the
continuity and the momentum coupled to the Poisson
equation can be written as,
∂nd
∂t
+
∂(ndvd)
∂x
= 0, (2)
∂vd
∂t
+ vd
∂vd
∂x
=
∂φ
∂x
− µ
′
nd
∂nd
∂x
and (3)
∂2φ
∂x2
= (nd + µene − µini). (4)
This model has already been implemented successfully
to explain the turn over of dispersion relation of DAWs33
and the existence of shear waves34,35 in dusty plasma.
The contribution due to the compressibility (µ) in the
momentum equation (Eq. (3)) is expressed in terms of µ′,
where µ′ = µTdZdTi , where Td denotes the dust temperature.
Following29 we can define the compressibility as,
µ =
1
Td
(
∂P
∂n
)
Td
= 1 +
u(Γ)
3
+
Γ
9
∂u(Γ)
∂Γ
(5)
where u(Γ) is the free energy of the system and can be
expressed as36
u(Γ) = −0.89Γ + 0.95Γ1/4 + 0.19Γ−1/4 − 0.81. (6)
In the weakly coupled gaseous phase (Γ < 1), µ is posi-
tive but can become negative as Γ increases and one gets
into the liquid state. The change in sign of µ is responsi-
ble for the turnover effect in the linear dispersion relation
of the dust acoustic wave.
In the above equations (2–4), nd and vd represent the
normalized number density and the velocity of the dust
fluid, respectively. md denotes the mass of dust particles.
µe and µi are defined as, µe =
ne0
Zd0nd0
and µi =
ni0
Zd0nd0
. By
using the quasi-neutrality condition, ne0 = nio−Zd0nd0,
we can write µe = 1/(δ − 1) and µi = δ/(δ − 1), where δ
is the ratio of equilibrium ion density to electron density.
The variables t, x, nd and ud are normalized by w
−1
d =
(md/4pind0Z
2
d0e
2)1/2, λd = (kBTi/4piZd0nd0e
2)1/2, nd0
and Cd = (Zd0kBTi/md)
1/2 respectively, where nd0 is the
3unperturbed number density of the dust particle and Zd0
is the unperturbed number of electrons residing on the
dust particles. We do not consider any charge fluctuation
of dust fluid in our model.
Now we consider the excitation of two solitary waves
A and B that are far apart from each other and let them
propagate towards each other such that after sometime
they interact and make a head-on collision. We consider
the regime where the perturbations are small enough for
the weakly nonlinear approximation to hold good. We
therefore expect the collision to be quasielastic leading to
shifts of the post collision trajectories (phase shift). Here
we are interested to study the dynamics of these solitary
waves in presence of strong coupling effect. In order to
analyse the effect of collision, we employ an extended
PLK perturbation method37,38. This PLK method is
a combination of the standard reductive perturbation
method39,40 with the technique of strained coordinates.
The main idea of this perturbation method is as follows.
In the limit of long wavelengh approximation, asymptotic
expansions for both the flow field variables and spatial or
time coordinates are used. This makes a uniformly valid
asymptotic expansion (i.e., phase shifts) of the solitary
waves after the collision. According to this method, we
introduce the stretched coordinates
ξ = (x− λt) + 2P0(η, τ) + 3P1(ξ, η, τ) + ..., (7)
η = (x+ λt) + 2Q0(ξ, τ) + 
3Q1(ξ, η, τ) + ..., (8)
τ = 3t. (9)
Where ξ and η denote the space coordinates of the tra-
jectories of the two solitons travelling to the right and
left, respectively. We are assuming that solitons have
small amplitude ∼  (where  is a formal smallness (per-
turbation) parameter characterizing the strength of non-
linearity). The wave velocity λ and the variables Pj and
Qj are to be determined (where j = 1, 2, 3...). Using
Eq. (7)– (9), we have
∂
∂x
= 
(
∂
∂ξ
+
∂
∂η
)
+ 3
(
P0η
∂
∂ξ
+Q0ξ
∂
∂η
)
+ ...,(10)
∂
∂t
= λ
(
− ∂
∂ξ
+
∂
∂η
)
+3
(
∂
∂τ
+ λP0η
∂
∂ξ
− λQ0ξ ∂
∂η
)
+ ..., (11)
∂2
∂x2
= 2
(
∂
∂ξ
+
∂
∂η
)2
+4
(
∂
∂ξ
+
∂
∂η
)(
P0η
∂
∂ξ
+Q0ξ
∂
∂η
)
+4
(
P0η
∂
∂ξ
+Q0ξ
∂
∂η
)(
∂
∂ξ
+
∂
∂η
)
+ .... (12)
Where P0η = ∂P0/∂η and Q0ξ = ∂Q0/∂ξ. The asymp-
totic expansions of perturbed quantities (nd, vd and φ )
are given as:
nd= 1 + 
2n1 + 
3n2 + ..., (13)
ud= 
2u1 + 
3u2 + ..., (14)
φ = 2φ1 + 
3φ2 + .... (15)
Substituting Eqs. (10)–(15) into Eqs. (2)–(4), and equat-
ing the quanitities with equal power of , we obtain a set
of coupled equations at different orders of . The leading
order term (at order 2) gives,
λ
(
− ∂
∂ξ
+
∂
∂η
)
n1 +
(
∂
∂ξ
+
∂
∂η
)
u1 = 0, (16)
λ
(
− ∂
∂ξ
+
∂
∂η
)
u1 =
(
∂
∂ξ
+
∂
∂η
)
φ1
− µ′
(
∂
∂ξ
+
∂
∂η
)
n1, (17)
n1 = −Qφ1 (18)
where, Q (= µeσ + µi) is an important parameter related
to the density and temperature ratio of ion and electrons.
Solving Eqs. (16)–(18) we get,
φ1 = Φ1 (ξ, τ) + Φ2 (η, τ) , (19)
n1 = −Q (Φ1 (ξ, τ) + Φ2 (η, τ)) , (20)
u1 = − (1 +Qµ
′)
λ
(Φ1(ξ, τ)− Φ2(η, τ)) (21)
and with the solvability condition i.e., the condition to
obtain a uniquely defined n1 and u1 from Eqs. (16)–(18)
when φ1 is given by Eq. (19), the phase velocity λ =√
(1+Qµ′)
Q is also obtained. The unknown functions Φ1
and Φ2 will be determined at higher order. Eqs. (19)–
(21) imply that, at the leading order, we have two waves,
one of which, Φ1 (ξ, τ), is travelling right, and the other
one, Φ2 (η, τ), is travelling left. At the next order (i.e.,
3), we have a system of equation given as:
λ
(
− ∂
∂ξ
+
∂
∂η
)
n2 +
(
∂
∂ξ
+
∂
∂η
)
u2 = 0, (22)
λ
(
− ∂
∂ξ
+
∂
∂η
)
u2 =
(
∂
∂ξ
+
∂
∂η
)
φ2
− µ′
(
∂
∂ξ
+
∂
∂η
)
n2, (23)
n2 = −Qφ2. (24)
These are similar to the leading order equations, so that,
4the solutions also have the following shape:
φ2 = Ψ1 (ξ, τ) + Ψ2 (η, τ) , (25)
n1 = −Q (Ψ1 (ξ, τ) + Ψ2 (η, τ)) , (26)
u1 = − (1 +Qµ
′)
λ
(Ψ1(ξ, τ)−Ψ2(η, τ)) (27)
where Ψ1 and Ψ2 are to be determined. Now from the
next leading order (i.e., 4), we have a system of equations
which can be written as,
λ
(
− ∂
∂ξ
+
∂
∂η
)
n3 +
(
∂
∂τ
+ λP0η
∂
∂ξ
− λQ0ξ ∂
∂η
)
n1
+
(
∂
∂ξ
+
∂
∂η
)
u3 +
(
∂
∂ξ
+
∂
∂η
)
n1u1
+
(
P0
∂
∂ξ
+Q0
∂
∂η
)
u1 = 0,
(28)
λ
(
− ∂
∂ξ
+
∂
∂η
)
u3 +
(
∂
∂τ
+ λP0η
∂
∂ξ
− λQ0ξ ∂
∂η
)
u1
+u1
(
∂
∂ξ
+
∂
∂η
)
u1 =
(
∂
∂ξ
+
∂
∂η
)
φ3
+
(
P0
∂
∂ξ
+Q0
∂
∂η
)
φ1 − µ′
(
∂
∂ξ
+
∂
∂η
)
n3
+µ′n1
(
∂
∂ξ
+
∂
∂η
)
n1 − µ′
(
P0
∂
∂ξ
+Q0
∂
∂η
)
n1,
(29)
(
∂
∂ξ
+
∂
∂η
)2
φ1 = n3 +Qφ3 +R/2φ
2
1 (30)
where R = µeσ
2 − µi. Solving above Eqs. (16)–(30) we
can find
λ
∂2u3
∂ξ∂η
=
d
2λ
∂
∂ξ
[
∂Φ1
∂τ
+ aΦ1
∂Φ1
∂ξ
+ b
∂3Φ1
∂ξ3
]
+
d
2λ
∂
∂η
[
∂Φ2
∂τ
− aΦ2 ∂Φ2
∂η
− b∂
3Φ2
∂η3
]
+ [dP0η + cΦ2]
∂2Φ1
∂ξ2
− [dQ0ξ + cΦ1] ∂
2Φ2
∂η2
. (31)
Integrating the above equation with respect to the vari-
ables ξ and η yields
λu3 =
d
2λ
∫ (
∂Φ1
∂τ
+ aΦ1
∂Φ1
∂ξ
+ b
∂3Φ1
∂ξ3
)
dη
+
d
2λ
∫ (
∂Φ2
∂τ
− aΦ2 ∂Φ2
∂η
− b∂
3Φ2
∂η3
)
dξ
+
∫ ∫ (
d
∂P0
∂η
+ cΦ2
)
dξdη −
∫ ∫ (
d
∂Q0
∂ξ
+ cΦ1
)
dξdη,
(32)
where the constants are defined as, a =
1
2d
(
− 3d2λ + µ′Q2λ− RλQ
)
, b = λ2Qd , c =
−1
4λ
(
Rλ
Q − µ′Q2λ− d
2
λ
)
and d = (1 +Qµ′).
The first (second) term in the Eq. (32) will be pro-
portional to η(ξ) because the integrated function is in-
dependent of η(ξ). Thus the first two terms of Eq. (32)
are secular terms, which must be eliminated in order to
avoid spurious resonances. Hence we have
∂Φ1
∂τ
+ aΦ1
∂Φ1
∂ξ
+ b
∂3Φ1
∂ξ3
= 0, (33)
∂Φ2
∂τ
− aΦ2 ∂Φ2
∂η
− b∂
3Φ2
∂η3
= 0. (34)
The third and fourth terms in Eq. (32) are not secular
terms in this order, but they will become secular in the
next order37. Hence we have
∂P0
∂η
= − c
d
Φ2, (35)
∂Q0
∂ξ
= − c
d
Φ1. (36)
Eqs. (33) and (34) are two-side travelling wave KdV equa-
tions in the reference frames of ξ and η, respectively.
Their corresponding solutions are given by,
Φ1 = ΦAsech
2
[(
aΦA
12b
)1/2(
ξ − 1
3
aΦAτ
)]
, (37)
Φ2 = ΦBsech
2
[(
aΦB
12b
)1/2(
η +
1
3
aΦBτ
)]
(38)
where ΦA = 3δM1/a and ΦB = 3δM2/a are the ampli-
tudes of the two solitons A and B in their initial posi-
tions. The leading phase changes due to collision can be
calculated from Eqs. (35)–(38) and given as:
P0 = − c
d
(
12bΦB
a
)1/2
×
{
tanh
[(
aΦB
12b
)1/2(
η +
1
3
aΦBτ
)]
+ 1
}
,(39)
Q0 = − c
d
(
12bΦA
a
)1/2
×
{
tanh
[(
aΦA
12b
)1/2(
ξ − 1
3
aΦAτ
)]
− 1
}
.(40)
Hence, up to O
(
2
)
, the trajectories of the two solitary
waves for weak head-on interactions in presence of strong
coupling effect can be written as:
ξ =  (x− λt)− 2 c
d
(
12bΦB
a
)1/2
×{
tanh
[(
aΦB
12b
)1/2(
η +
1
3
aΦBτ
)]
+ 1
}
+O
(
3
)
, (41)
5η =  (x+ λt)− 2 c
d
(
12bΦA
a
)1/2
×{
tanh
[(
aΦA
12b
)1/2(
ξ − 1
3
aΦAτ
)]
− 1
}
+O
(
3
)
. (42)
To obtain the phase shifts due to a head-on collision
of the two solitons, we assume that the solitons A and
B are, asymptotically far from each other at the ini-
tial time (t = −∞), i.e., soliton A is at (ξ = 0, η = −∞)
and soliton B is at (η = 0, ξ = +∞). After the colli-
sion (t = +∞), solitons A is far to the right of soliton
B, i.e., soliton A is at (ξ = 0, η = +∞) and soliton B is
at (η = 0, ξ = −∞) . Using Eqs. (41) and (42) we obtain
the corresponding phase shifts ∆A and ∆B as follows:
∆A=  (x− λt) |ξ=0,η=+∞ −  (x− λt) |ξ=0,η=−∞,
∆B=  (x+ λt) |η=0,ξ=−∞ −  (x+ λt) |η=0ξ=+∞.
This gives the phase shift in solitons A and B which can
be expressed as:
∆A = 22
c
d
(
12bΦB
a
)1/2
, (43)
∆B = −22 c
d
(
12bΦA
a
)1/2
. (44)
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FIG. 1. (Color online) Time evolution of two counter-
propagating solitons for σ = 0.2,  = 0.1, δ = 1.031 and
µ = −20. Different colour corresponds to three different
stages (before collision, during collision and after collision)
of propagation.
It should be mentioned here that since the PLK
perturbation technique makes use of the decomposition,
φ1 = Φ1 (ξ, τ) + Φ2 (η, τ) (see Eq. 19), of wave potential
fluctuations amounting to a linear superposition of KdV
solitons (Eq. 37 and Eq. 38), it may not provide an
accurate description of the amplitude dynamics during
the collision process when the two solitons overlap.
However the resultant phase shift is quite accurately
determined within the perturbation limits since it
involves an aymptotic calculation with the solitons well
separated from each other. This fact has been well
demonstrated and the technique successfully employed
by several past authors studying head on collision of two
solitary waves in various media20,23,25,26. For a detailed
critique of the strengths and limitations of the method
the reader is referred to the paper by Verheest et al.25.
Our main objective in this work is to assess the influence
of strong coupling on these phase shifts and in the next
section we present our results obtained using the above
analytic relations (Eq. 43 and Eq. 44) for various plasma
parameters.
III. RESULTS AND DISCUSSIONS
Φ1(ξ, τ) and Φ2(η, τ) are evaluated by solving the
above KdV equations (Eq. (33) and (34)). The time
evolution of these two solitary waves which propagate
towards each other can be plotted by replacing Φ1 and
Φ2 in Eq. (19). Fig. 1 shows the time evolution of
two counter propagating solitons travelling with dif-
ferent amplitudes and widths. It is noticed that the
DA solitary wave with higher amplitude travels faster
than that of smaller amplitude which was also observed
experimentally15. It is worth mentioning that we have
used  = 0.1 in our calculations similar to Xue et al.20.
The waves which are coming towards each other, pene-
trate and slightly dip immediately after the collision and
return to their initial amplitudes at a later time. Fig. 2
−1 0 1
195
200
205
position
tim
e
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(a)
µ=−20, m=0.2, b=1.031
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180
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M2=1.12
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FIG. 2. (Color online) Trajectory of solitons of (a) same
(M1 = M2 = 1.1) and (b) different (M1 = 1.1 and M2 = 1.12)
amplitudes/Mach numbers. The solid and dashed lines rep-
resent the trajectory of soliton A and soliton B, respectively.
The dusty plasma parameter are taken as µ = −20, σ = 0.2
and δ = 1.031.
shows the trajectories of two counter propagating solitons
with identical (see Fig. 2(a)) and with different Mach
numbers (see Fig. 2(b)) respectively. It is to be noted
that different Mach numbers imply different amplitudes
6with higher Mach numbers corresponding to larger am-
plitudes. As can be seen the phase diagram changes sig-
nificantly when the amplitudes differ from each other. It
is clear from Fig. 2(b) that the soliton with larger am-
plitude (soliton B) forces the other soliton with smaller
amplitude (soliton A) to take a longer time to recover its
shape after the collision. Hence it can be concluded that
the phase shift of the smaller soliton is comparatively
larger than that of the bigger one.
Since soliton A is travelling to the right and soliton B
is travelling to the left, it is seen from Eqs. (43) and (44)
that each soliton has a positive (or negative) phase shift
in its traveling direction due to the collision. The sign
of phase shift depends on the dusty plasma parameters
mainly on δ and µ which will be discussed in more details
later in this section.
It is clearly seen from Eqs. (43) and (44) that the phase
shifts depend on the dusty plasma parameters (i.e. δ, µ
and σ) and the initial amplitudes of the two solitary
waves (ΦA and ΦB). The co-efficient ‘a’ remains neg-
ative whereas the coefficients ‘b’ and ‘d’ remain positive
for all the values of above mentioned parameters. But
the co-efficient ‘c’ changes its sign for a particular set
of these parameters. Since, the phase shift is directly
proportional to ‘c’, its sign changes with the sign of ‘c’.
A negative phase shift implies that the velocity of each
soliton reduces at the time of the head-on collision41. It
further signifies that they either travel the same distance
in a longer time or a shorter distance in the same interval
of time.
−20 −15 −10 −5 1−10
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FIG. 3. (Color online) Variation of phase shift of first soliton
(∆A) with µ for different values of δ (dashed line and solid line
represent δ = 1.053 and δ = 1.031, respectively.) at σ = 0.2,
 = 0.1, M = 1.1.
The variation of phase shift with compressibility (µ)
is shown in Fig. 3 for σ = 0.220 and M = 1.1. Our
estimates for the phase shifts have been carried out for
plasma parameters that are closely related to those of
experiments done in the past for solitary waves. For ex-
ample, in the experiment on soliton propagation carried
out in15 the typical values of σ and δ are 0.0375 and
1.75 respectively and they vary around these values with
experimental changes of the discharge parameters. In an-
other experimental paper by Sharma et al.28, the typical
values of these parameters are σ = 0.02 and δ = 1.1. As
stated in their paper, for different pressures, the value
of the dust charge number changes and hence the value
of δ changes. Our choice of parameter values are in the
same range and therefore quite relevant for experimental
investigations. Additionally, we have also varied the cou-
pling parameter from the weakly coupled regime (Γ < 1)
to strongly coupled regime (Γ > 1) to get the value of
µ from the expression of the compressibility used in the
manuscript (Eq. 5 and Eq. 6). Our choice of the range
of the variation of the coupling parameter is also close to
that reported in many experimental papers42,43.
To study the variations of phase shifts, we have plot-
ted the phase shift of first solitary wave (∆A) against
this parameters. It is not necessary to study the phase
shift of the second soliton separately as it always shows
the same trend as of the first one but with negative sign
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FIG. 4. (Color online) Variation of phase shift ∆A with µ for
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FIG. 5. (Color online) Variation of phase shift ∆A with (a)
amplitude(ΦA) and (b) width(∆s) for three different values
of µ (µ = −20 (dashed), µ = −10 (solid) and µ = 0 (dash-
dotted)) at σ = 0.2 and δ = 1.053.
because it is travelling in the opposite direction. The
solid and dashed lines depict for δ = ni/ne = 1.031 and
δ = ni/ne = 1.053, respectively. It is clear from this fig-
ure that the phase shift changes significantly in strongly
coupled regime (µ ≤ 1) compared to the weakly cou-
pled regime (µ ≥ 1) for both the cases. Additionally, it
is also seen that the phase shift (∆A) changes its sign
for δ = 1.031 nearly at µ = −13 for given dusty plasma
parameters. It suggests that for both the cases, the veloc-
ity of soliton A reduces during collision because of higher
rigidity of the medium that increases with the decrease
of compressibility.
We have plotted the variation of phase shift with µ for
σ = 0.01 (dashed line), 0.1 (solid line) and 0.2 (dash-
dotted line) in Fig. 4. We have chosen the value of
δ = 1.053 in Fig. 4(a) whereas δ = 1.031 is chosen for
Fig. 4(b). In case of Fig. 4(a), the phase shift is monoton-
ically decreasing for each σ with the increase of coupling
parameter (decreasing µ). But in Fig. 4(b), the magni-
tude of phase shift is initially decreasing (upto µ = −13,
as discussed in Fig. 3) and then it increases again with
µ. But for both the figures the velocity of soliton A is
decreasing with the increase of the rigidity of the medium
during collision. It is also found in both the cases that the
phase delay decreases with the increase of temperature
ratio, σ for a given value of δ.
Fig. 5 shows that the phase shift of soliton A changes
significantly with the change of solitary amplitude of B
and its width for three different values of µ. It means for
a given value of µ, larger amplitude (or smaller width) of
soliton B causes larger delay in the propagation of soliton
A. This theoretical findings also supports the experimen-
tal results of Harvey et al.27. For a given value of width
(or amplitude) the phase-shift decreases with decrease of
µ. Decreasing µ corresponds to the increase of the rigid-
ity of the medium.
IV. CONCLUSION
We have theoretically calculated the leading-order
phase shift resulting from a head-on collision between
two counter propagating dust acoustic solitary waves in
an unmagnetized strongly coupled dusty plasma system.
The primary objective was to assess the influence of
strong coupling on this nonlinear process. We have used
the Generalized Hydrodynamic Equations to model the
dust dynamics and accounted for strong coupling induced
dispersive effects through modifications in the compress-
ibility arising from contributions due to Γ. The variation
of the phase shift as a function of the compressibility is
studied. In addition the variation due to parameters like
the density ratio (δ), the temperature ratio (σ) of the
plasma species and the initial amplitudes of the solitary
waves on the phase delay are also investigated. We find
that the phase shift from a head-on collision changes sig-
nificantly in the strongly coupled regime as compared to
the weakly coupled regime. We have also found that as
we increase the rigidity of the medium the phase shift
changes its sign for a given set of dusty plasma parame-
ters. A negative phase shift suggests that the velocity of
the solitary waves decreases at the time of the collision.
It is also seen that the phase shift decreases with the in-
crease of temperature ratio of ions to electrons. Further
a larger amplitude (or smaller width) soliton causes a
larger delay. Our model results may serve as interesting
signatures of nonlinear manifestations of strong coupling
effects that could be looked for in collision experiments
in a laboratory set-up. They can also form the basis
for further theoretical investigations where the effect of
higher order corrections and dissipative contributions can
be explored.
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